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In this paper, we introduce the notion of a hybrid generalized multi-valued contraction
mapping and establish the common fixed point theorem for this mapping. Our results
generalize, unify, extend and complement several common fixed point theorems of many
authors in the literature.
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1. Introduction
Banach’s contraction mapping principle in [1] extended to fixed point theorems about multi-valued contraction
mappings by Nadler [2]. In 1973, the study of fixed points for multi-valued contractions using the Hausdorff metric was
initiated by Markin [3]. Afterward, an interesting and rich fixed point theory for such mappings was developed in many
directions (see [4–14]). The theory of multi-valued mapping has applications in optimization problems, control theory,
differential equations and economics. Kamran [15] extended the notion of weak contraction mapping which is more
general than the contraction mapping and introduced the notion of multi-valued (f , θ, L)-weak contraction mapping and
generalized multi-valued (f , α, L)-weak contraction mapping. He established some coincidence and common fixed point
theorems. We state the results of [15] for convenience as follows:
Theorem 1.1 ([15], Theorem 2.9). Let (X, d) be a metric space, f : X → X and T : X → CB(X) be a multi-valued (f , θ, L)-weak
contraction such that TX ⊂ fX . Suppose fX is complete. Then the set of coincidence points of f and T , C(f , T ), is nonempty.
Further, if f is T -weakly commuting at coincidence point u and ffu = fu, then f and T have a common fixed point.
Theorem 1.2 ([15], Theorem 3.5). Let (X, d) be a metric space, f : X → X and T : X → CB(X) be a generalized multi-valued
(f , α, L)-weak contraction such that TX ⊂ fX . Suppose fX is a complete subspace of X. Then f and T have a coincidence point
u ∈ X. Further, if f is T -weakly commuting at u and ffu = fu, then f and T have a common fixed point.
Recently, Sintunavarat and Kumam [16] extended the notion of a generalized multi-valued (f , α, L)-weak contraction
mapping to a generalized multi-valued (f , α, β)-weak contraction mapping and also established the common fixed point
theorem for this mapping.
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Theorem 1.3 ([16], Theorem 4.5). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a
generalized multi-valued (f , α, β)-weak contraction mapping. If fX is complete subspace of X and Tx ⊂ fX , then f and T have a
coincidence point u ∈ X. Moreover, if ffu = fu, then f and T have a common fixed point.
Theorem 1.3 extended, improved, unified and generalized several fixed point theorems in [17–26]. Moreover,
Theorem 1.3 provides a general answer to the problem of Reich [27]. The purpose of this paper is to define the hybrid
generalized multi-valued contraction mapping which is more general than various mappings in literature and to give some
properties of this mapping. We also establish the common fixed point theorem.
2. Preliminaries
Throughout this work, (X, d) denotes a metric space. We denote by CB(X), the class of all nonempty closed bounded
subsets of X . The Hausdorff metric induced by d on CB(X) is given by
H(A, B) = max

sup
a∈A
d(a, B), sup
b∈B
d(b, A)

,
for every A, B ∈ CB(X), where d(a, B) = inf{d(a, b) : b ∈ B} is the distance from a to B ⊆ X .
Let f : X → X be a single-valued mapping and T : X → CB(X) be a multi-valued mapping.
(i) A point x ∈ X is a fixed point of f (resp. T ) if fx = x (resp. x ∈ Tx).
The set of all fixed points of f (resp. T ) is denoted by F(f ) (resp. F(T )).
(ii) A point x ∈ X is a coincidence point of f and T if fx ∈ Tx.
The set of all coincidence points of f and T is denoted by C(f , T ).
(iii) A point x ∈ X is a common fixed point of f and T if x = fx ∈ Tx.
The set of all common fixed points of f and T is denoted by F(f , T ).
Definition 2.1 ([15]). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a multi-
valued mapping. T is said to be a f -weakly Picard mapping if and only if for each x ∈ X and fy ∈ Tx (y ∈ X), there exists a
sequence {xn} in X such that
(i) x0 = x, x1 = y;
(ii) fxn+1 ∈ Txn for all n = 0, 1, 2, . . . ;
(iii) The sequence {fxn} converges to fu, where u is the coincidence point of f and T .
For examples of f -weakly Picard mapping and for more details see [28,29].
Definition 2.2 ([15]). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a multi-
valued mapping. If the sequence {xn} in X satisfying conditions (i) and (ii) in Definition 2.1, then the sequence Of (x0) =
{fxn : n = 1, 2, . . .} is said to be an f -orbit of T at x0.
Definition 2.3 ([15]). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a multi-
valued mapping. T is said to be amulti-valued f -weak contraction (or amulti-valued (f , θ, L)-weak contraction) if and only if
there exist two constants θ ∈ (0, 1) and L ≥ 0 such that
H(Tx, Ty) ≤ θd(fx, fy)+ Ld(fy, Tx), (2.1)
for all x, y ∈ X .
Definition 2.4 ([15]). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a multi-
valued mapping. T is said to be a generalized multi-valued f -weak contraction (or a generalized multi-valued (f , α, L)-weak
contraction) if and only if there exist L ≥ 0, a function α : [0,∞) → [0, 1) satisfying lim supr→t+ α(r) < 1 for every
t ∈ [0,∞), such that
H(Tx, Ty) ≤ α(d(fx, fy))d(fx, fy)+ Ld(fy, Tx), (2.2)
for all x, y ∈ X .
Definition 2.5 ([16]). Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a
multi-valued mapping. T is said to be a generalized multi-valued (f , α, β)-weak contraction mapping if and only if there exist
functions α : [0,∞)→ [0, 1) satisfying lim supr→t+ α(r) < 1 for every t ∈ [0,∞) and β : [0,∞)→ [0,∞) such that
H(Tx, Ty) ≤ α(d(fx, fy))d(fx, fy)+ β(d(fy, Tx))d(fy, Tx), (2.3)
for all x, y ∈ X .
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Lemma 2.6 ([15]). Let (X, d) be a metric space, {Ak} be a sequence in CB(X), {xk} be a sequence in X such that xk ∈ Ak−1.
Let α : [0,∞) → [0, 1) be a function satisfying lim supr→t+ α(r) < 1 for every t ∈ [0, 1). Suppose d(xk−1, xk) to be a
nonincreasing sequence such that
H(Ak−1, Ak) ≤ α(d(xk−1, xk))d(xk−1, xk),
d(xk, xk+1) ≤ H(Ak−1, Ak)+ αnk(d(xk−1, xk)),
where n1 < n2 < · · · which k, nk ∈ N. Then {xk} is a Cauchy sequence in X.
Lemma 2.7 ([2]). If A, B ∈ CB(X) and a ∈ A, then for each ϵ > 0, there exists b ∈ B such that d(a, b) ≤ H(A, B)+ ϵ.
3. Main results
We begin this section with the notion of a hybrid generalized multi-valued contraction mapping.
Definition 3.1. Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a multi-
valued mapping. T is said to be a hybrid generalized multi-valued contraction mapping if and only if there exist two functions
φ : [0,∞)→ [0, 1) satisfying lim supr→t+ φ(r) < 1 for every t ∈ [0,∞) and ϕ : [0,∞)→ [0,∞), such that
H(Tx, Ty) ≤ φ(M(x, y))M(x, y)+ ϕ(N(x, y))N(x, y), (3.1)
for all x, y ∈ X , where
M(x, y) := max{d(fx, fy), d(fy, Tx)} (3.2)
and
N(x, y) := min{d(fx, fy), d(fx, Tx), d(fy, Ty), d(fx, Ty), d(fy, Tx)}. (3.3)
Remark 3.2. If M(x, y) = d(fx, fy) and N(x, y) = d(fy, Tx), then a hybrid generalized multi-valued contraction mapping
reduces to a generalized multi-valued (f , φ, ϕ)-weak contraction mapping of Sintunavarat and Kumam [16]. Moreover, if
ϕ(x) = L where L ≥ 0 for all x ≥ 0, then we obtain a generalized multi-valued (f , φ, L)-weak contraction mapping of
Kamran [15].
Lemma 3.3. Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a hybrid generalized
multi-valued contraction mapping. Let {fxk} be an f -orbit of T at x0 such that
d(fxk, fxk+1) ≤ H(Txk−1, Txk)+ φnk(M(xk−1, xk)), (3.4)
where n1 < n2 < · · · which k, nk ∈ N and {d(fxk−1, fxk)} is nonincreasing. Then {fxk} is a Cauchy sequence in fX.
Proof. Let y0 = x0. We construct the sequence {yk} and {Ak} such that yk = fxk and Ak = Txk. Since {fxk} is an f -orbit of T at
x0, therefore yk = fxk ∈ Txk−1 = Ak−1. It follows from T is a hybrid generalized multi-valued contraction mapping that
H(Ak−1, Ak) = H(Txk−1, Txk)
≤ φ(M(xk−1, xk))M(xk−1, xk)+ ϕ(N(xk−1, xk))N(xk−1, xk)
= φ(max{d(fxk−1, fxk), d(fxk, Txk−1)})max{d(fxk−1, fxk), d(fxk, Txk−1)}
+ϕ(min{d(fxk−1, fxk), d(fxk−1, Txk−1), d(fxk, Txk), d(fxk−1, Txk), d(fxk, Txk−1)})
× min{d(fxk−1, fxk), d(fxk−1, Txk−1), d(fxk, Txk), d(fxk−1, Txk), d(fxk, Txk−1)}
= φ(max{d(fxk−1, fxk), 0})max{d(fxk−1, fxk), 0}
+ϕ(min{d(fxk−1, fxk), d(fxk−1, Txk−1), d(fxk, Txk), d(fxk−1, Txk), 0})
× min{d(fxk−1, fxk), d(fxk−1, Txk−1), d(fxk, Txk), d(fxk−1, Txk), 0}
= φ(d(fxk−1, fxk))d(fxk−1, fxk).
Because of {d(fxk−1, fxk)} is nonincreasing, {d(yk−1, yk)} is also nonincreasing. By virtue of (3.4) implies that
d(yk, yk+1) = d(fxk, fxk+1)
≤ H(Txk−1, Txk)+ φnk(M(xk−1, xk))
= H(Ak−1, Ak)+ φnk(max{d(fxk−1, fxk), d(fxk, Txk−1)})
= H(Ak−1, Ak)+ φnk(d(fxk−1, fxk))
= H(Ak−1, Ak)+ φnk(d(yk−1, yk)).
Thus all conditions of Lemma 2.6 are satisfied and {yk} is a Cauchy sequence in fX . 
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Theorem 3.4. Let (X, d) be a metric space, f : X → X be a single-valued mapping and T : X → CB(X) be a hybrid generalized
multi-valued contraction mapping. Suppose fX is a complete subspace of X and Tx ⊂ fX . Then f and T have a coincidence point
z ∈ X. Moreover, if ffz = fz, then f and T have a common fixed point.
Proof. Let x0 be an arbitrary point of X and y0 = fx0. We construct sequences {xk}, {yk} in X respectively as follows. Since
Tx ⊂ fX , there exists a point x1 ∈ X such that y1 = fx1 ∈ Tx0. We can choose a positive integer n1 such that
φn1(d(y0, y1)) ≤ [1− φ(M(x0, x1))]M(x0, x1). (3.5)
By Lemma 2.7, we may select y2 = fx2 ∈ Tx1 such that
d(y1, y2) ≤ H(Tx0, Tx1)+ φn1(d(y0, y1)). (3.6)
Using (3.5) and the notion of a hybrid generalized multi-valued contraction mapping, we have
d(y1, y2) ≤ H(Tx0, Tx1)+ φn1(d(y0, y1))
≤ H(Tx0, Tx1)+ [1− φ(M(x0, x1))]M(x0, x1)
≤ φ(M(x0, x1))M(x0, x1)+ ϕ(N(x0, x1))N(x0, x1)+ [1− φ(M(x0, x1))]M(x0, x1)
= φ(M(x0, x1))M(x0, x1)+ [1− φ(M(x0, x1))]M(x0, x1)
= M(x0, x1)
= max{d(fx0, fx1), d(fx1, Tx0)}
= max{d(fx0, fx1), 0}
= d(fx0, fx1)
= d(y0, y1).
Now, we choose a positive integer n2, n2 > n1 such that
φn2(d(y1, y2)) ≤ [1− φ(M(x1, x2))]M(x1, x2). (3.7)
Again using Lemma 2.7 and the fact that Tx ⊂ fX , we may select y3 = fx3 ∈ Tx2 such that
d(y2, y3) ≤ H(Tx1, Tx2)+ φn2(d(y1, y2)), (3.8)
and similarly to the previous case, we have
d(y2, y3) ≤ H(Tx1, Tx2)+ φn2(d(y1, y2))
≤ H(Tx1, Tx2)+ [1− φ(M(x1, x2))]M(x1, x2)
≤ φ(M(x1, x2))M(x1, x2)+ ϕ(N(x1, x2))N(x1, x2)+ [1− φ(M(x1, x2))]M(x1, x2)
= φ(M(x1, x2))M(x1, x2)+ [1− φ(M(x1, x2))]M(x1, x2)
= M(x1, x2)
= max{d(fx1, fx2), d(fx2, Tx1)}
= max{d(fx1, fx2), 0}
= d(fx1, fx2)
= d(y1, y2).
By repeating this process, for all k ∈ N, we may choose a positive integer nk such that
φnk(d(yk−1, yk)) ≤ [1− φ(M(xk−1, xk))]M(xk−1, xk). (3.9)
Now we select yk+1 = fxk+1 ∈ Txk such that
d(yk, yk+1) ≤ H(Txk−1, Txk)+ φnk(d(yk−1, yk)), (3.10)
for each k = 1, 2, 3, . . . . The inequalities (3.9) and (3.10) together with the notion of a hybrid generalized multi-valued
contraction mapping imply
d(yk, yk+1) ≤ H(Txk−1, Txk)+ φnk(d(yk−1, yk))
≤ H(Txk−1, Txk)+ [1− φ(M(xk−1, xk))]M(xk−1, xk)
≤ φ(M(xk−1, xk))M(xk−1, xk)+ ϕ(N(xk−1, xk))N(xk−1, xk)+ [1− φ(M(xk−1, xk))]M(xk−1, xk)
= φ(M(xk−1, xk))M(xk−1, xk)+ [1− φ(M(xk−1, xk))]M(xk−1, xk)
= M(xk−1, xk)
= max{d(fxk−1, fxk), d(fxk, Txk−1)}
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= max{d(fxk−1, fxk), 0}
= d(fxk−1, fxk)
= d(yk−1, yk), (3.11)
which implies that d(yk−1, yk) is a nonincreasing sequence of nonnegative numbers. Now, it follows from Lemma 3.3 that
{yk} = {fxk} where k = 1, 2, 3, . . . is a Cauchy sequence in fX . Since fX is complete, there exists a point z ∈ X such that
fxn → fz as n→∞. Again using the notion of T is a hybrid generalized multi-valued contraction mapping and the triangle
inequality, we get
d(fz, Tz) ≤ d(fz, fxk)+ d(fxk, Tz)
≤ d(fz, fxk)+ H(Txk−1, Tz)
≤ d(fz, fxk)+ φ(M(xk−1, z))M(xk−1, z)+ ϕ(N(xk−1, z))N(xk−1, z)
= d(fz, fxk)+ φ(max{d(fxk−1, fz), d(fz, Txk−1)})max{d(fxk−1, fz), d(fz, Txk−1)}
+ϕ(min{d(fxk−1, fz), d(fxk−1, Txk−1), d(fz, Tz), d(fxk−1, Tz), d(fz, Txk−1)})
× min{d(fxk−1, fz), d(fxk−1, Txk−1), d(fz, Tz), d(fxk−1, Tz), d(fz, Txk−1)}, (3.12)
for all k = 1, 2, 3, . . . . Now, we follow from fxk → fz as k→∞ and fxk ∈ Txk−1 that d(fz, Txk−1)→ 0 as k→∞. Therefore
all terms in the right-hand side of (3.12) tend to zero as k→∞which implies that d(fz, Tz) = 0. Since Tz is closed, fz ∈ Tz.
Therefore f and T have a coincidence point z ∈ X .
Finally, we proved that fz is a common fixed point of f and T . Since z is a coincidence point of f and T , ffz = fz. Let
t := fz ∈ Tz. So ft = ffz = fz = t . Follows from T is a hybrid generalized multi-valued contraction mapping that
H(Tz, Tt) ≤ φ(M(z, t))M(z, t)+ ϕ(N(z, t))N(z, t)
= φ(max{d(fz, ft), d(ft, Tz)})max{d(fz, ft), d(ft, Tz)}
+ϕ(min{d(fz, ft), d(fz, Tz), d(ft, Tt), d(fz, Tt), d(ft, Tz)})
× min{d(fz, ft), d(fz, Tz), d(ft, Tt), d(fz, Tt), d(ft, Tz)}
= 0.
It follows from d(ft, Tt) = d(fz, Tt) ≤ H(Tz, Tt) = 0 that d(ft, Tt) = 0. Since Tt is closed, we get t = ft ∈ Tt . Thus t is a
common fixed point of f and T . 
Remark 3.5. Theorem 3.4 is an extension and generalization of Theorems 4.5, 4.7 of Sintunavarat and Kumam in [16],
Theorem 3.5 of Kamran in [30], Theorem 3.4 of Berinde and Berinde in [31], Nadler’s theorem in [2], Banach’s contraction
mappings principle [1], and many related results in literature.
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